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ABSTRACT
We prove a subspace theorem for homogeneous polynomial forms which
generalizes Schmidt’s subspace theorem for linear forms. Further, we
formalize the subspace theorem into a form which is just the counterpart
of a second main theorem in Nevanlinna’s theorem, and also suggest a

problem.

1. Introduction

Let k be a number field and let & be an algebraic closure. Let M, be the
canonical set of distinct inequivalent valuations (or places) of x satisfying the
product formula.
H |z, =1, =€ Ky
pEM,
Let S be a finite subset of M, containing the subset of all Archimedean valua-
tions in M,. We will prove the following subspace theorem on hypersurfaces:

* The work of the first author was partially supported by NSFC of China: Project.

No. 10371064.
** The second author was partially supported by a UGC Grant of Hong Kong:

Project No. 604103.
Received June 8, 2005 and in revised form November 9, 2005

47



48 P.-C. HU AND C.-C. YANG Isr. J. Math.

THEOREM 1.1: Forpe S,1=0,...,n, let f,; be a homogeneous polynomial of
degree m > 1 in n + 1 variables with coefficients in k such that for each p € S,
the system

fri(§) =0, i=0,...,n

has only the trivial solution ¢ = 0 in E™*!. Then for any ¢ > 0 there exist
hypersurfaces Y1, ...,Ys of &1 such that the inequality

(1) II H ||fm o< g

peS i=0
holds for all S-integral points & in k™1 — U, Y.

In particular, if m = 1, the proof of the main theorem shows that the hyper-
surfaces Y7, ..., Y; in fact are hyperplanes, and so Theorem 1.1 is just Schmidt’s
Subspace Theorem. We even suggested Theorem 1.1 in [6] (or see [7]). Recently,
P. Corvaja and U. Zannier [1] proved an analogue of Schmidt’s Subspace The-
orem for arbitrary polynomials in place of linear forms, in which the product
of norms of n 4+ 1 homogeneous polynomials f,;(§) of n + 1 variables in (1) is

replaced by a product of ||g,(x) ||1/ deg(gpi)

of n — 1 arbitrary polynomials g,;
of n variables = (x1,...,2,), and the power ¢ at the right side of (1) has
the form n — p + €, where p is a positive number depending on degrees of the
polynomials which is equal to n — 1 if the degrees are equal. In this paper, we
will utilize Corvaja—Zannier’s methods to prove Theorem 1.1.

Let X C PY be a projective subvariety of dimension n defined over . Assume
that 1 < n < N. Further, let cpi(p € S, ¢ = 0,...,N) be nonnegative reals.
Faltings and Wiistholz [4] proved that the set of solutions of the following system

of inequalities,

(2) 1og(||ii||||p) < —cpih(z), pe S, i=0,...,N, = [x0,...,2n] € X(K),
p

is contained in the union of finitely many proper subvarieties of X if the ex-
pectation of a particular probability distribution is larger than 1. Ferretti [5]
showed that this latter condition is equivalent to

3) (n+1)deg(X) deg Z ex(cp) > 1,

where ¢, = (cy0,...,¢pn) and ex(c,) is the Chow weight of X with respect to
cp.- If X is a linear variety, then the result of Faltings and Wiistholz is equiva-
lent to Schmidt’s Subspace Theorem. Whereas Schmidt’s proof of his subspace
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theorem is based on techniques from Diophantine approximation and geometry
of numbers, Faltings and Wiistholz developed a totally different method, based
on Faltings’ product theorem. Using the method of Faltings and Wiistholz,
Ferretti obtained a quantitative version of their result, an equivalent version of
which reads as follows. Assume that

1
(4) mﬂezsex(cp)>l+5

with § > 0. Then there are explicitly computable constants ¢, c2, c3 depending
on N, n, d, k, S and some geometry invariants of X such that the set of solu-
tions of (2) with h(z) > ¢1(1+ h(X)) lies in the union of at most ¢o proper sub-
varieties of X, each of degree < c¢3. Evertse and Ferretti [3] proved another
quantitative version of the result of Faltings and Wiistholz, in which the con-
stants c¢1, co, c3 depend only N, n, § and the degree of X. In particular, if the
mapping & — [fp0(§), ..., fon(§)] is a finite morphism from P” to P" for each
p € S, then a version of Theorem 1.1 can be deduced from the result of Evertse
and Ferretti.

2. Formalization of Theorem 1.1

To compare directly the main theorem in this paper with its analogue in Nevan-
linna theory (or value distribution theory) based on the view of Vojta’s dictio-
nary [12], we first formalize Theorem 1.1 into a form (Theorem 2.2) which is
just the counterpart of the second main theorem (Theorem 2.3) in Nevanlinna
theory.

Let x be a number field and let p be a valuation of k. We denote by «, the
completion of k at p, and shall assume that the absolute values |- |, and || - ||,
are normalized so that

plo =p7" llpll, = [plfy e/t

if p|p and similarly for Archimedean p. Let V,, be a vector space of finite
dimension n + 1 > 0 over k. Take a base e = (eg,...,e,) of V. For & =
oeo + - -+ €nen € Vi, define the norm

€], = (I€ol2 + - + |€a[?)V/? if p is Archimedean,
P maxo<i<n{|&ilp} if p is non-Archimedean.

We will use notation
il = lglge- e/t
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if p|p and similarly for Archimedean p. The dual vector space V. of V,; consists
of all s-linear functions « : V,; — k, and we call (£,a) = «(§) the inner
product of £ € V,; and o € V). A norm on V,, induces a norm on V.

Let k be an algebraic closure of k. Let V' = V; be a vector space of dimension
n+ 1> 0 over k. Write the projective space

P(V) = V/R.

and let P: V, — P(V) be the standard projection, where V, =V — {0}. If
A C V, abbreviate P(A) = P(ANV,). If a € V, the n-dimensional linear
subspace

Ela] = Ela] = Ker(a) = a™*(0)
depends on a = P(a) € P(V*) only, and E[a] = P(E[a]) is a hyperplane in
P(V). Take £ € V. and set = P(£). When the coordinates of £ and « are lain
in x, the distance from z to F [a] with respect to a valuation p is defined by

_ |<€’a>|ﬂ

[ alo = e Tal,

with 0 < |z,a|, < 1 by using Schwarz inequality (¢, )|, < [£],|al,. We will

use the normalization
|z, all, = |z, a|le @)/ Q)

if p|p and similarly for Archimedean p.

Let Q),,, V be the m-fold tensor product of V. The set of all symmetric vectors
V', denoted by IL,,,V, called the m-fold
symmetric tensor product of V. For ¢ € V,, let '™ be the m-th symmetric
tensor power, and define 2™ = P(¢"™) for = P(¢£). Let Vim) be the vector
space of all homogeneous polynomials of degree m on V. We obtain a linear

in ®,,V is a linear subspace of @

m

isomorphism ~: I1,,V* — V], defined by
a) =" a), eV, acll, V"

Thus if € # 0 and « # 0, the distance |21, a|, is well defined for 21! = P(¢™)
and a = P(a). If a # 0, the n-dimensional subspace E™[a] = a~'(0) in V
depends on a only, and E™[a] = P(E™[a]) is a hypersurface of degree m in
P(V). Thus P(I1,,V*) bijectively parameterizes the hypersurfaces in P(V). If
we identify an element & of V' with its coordinates with respect to a fixed base
of V, then there exist non-zero a,; € II,,V* such that those polynomials in

Theorem 1.1 can be expressed as

(5) fpz(f) = &p,i(g) = <§Hmaap,i>-
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Take a sequence {mg, ma, . .., mg} of positive integers. Let o/ ={ag, a1, ..., aq}
be a family of points a; € P(IL,,,V*). Take a; € II,,,,V* — {0} with P(a;) = aj,
and define a homogeneous polynomial of degree m;:

dj(g):<€umj7aj>’ 56‘/7]:07157q

Take non-negative integers a and b with a < b. Let J® be the set of all increasing
injective mappings A: Z[0,a] — Z[0,b] , where Z[0, a] is the set of integers
0,1,...,a. According to Eremenko and Sodin [2], we recall the following:

Definition 2.1: The family & = {ao, a1, - ..,aq} (¢ > n) is said to be admissible
(or in general position) if, for every A € J4, the system

(6) 65/\(1)(5):05 t=0,1,...,n
has only the trivial solution £ =0 in V.

Recall that M, is the canonical set of distinct inequivalent valuations of &
satisfying the product formula. We can define the absolute height of ¢ €
V.. — {0} by

HE) =TT 1l

pEM,

We shall use the absolute (logarithmic) height 2(£) which is defined by
h(§) =log H(§). Take x € P(V). Then there exists £ € V; such that z = P(£),
and so

H(z) = H(§), h(z)=h(E)

are well defined. Recall the definition of S, which is a finite subset of M,
containing the subset of all Archimedean valuations in M,;,. Denote by O, s the
ring of S-integers of k, i.e.,

OK,S - {Z S K' ||ZH/I S 17 1Y ¢ S}a
and denote by Oy s the set of S-integral points of V, that is,
Ovis ={ e VIl <1, p &S}

We will prove that Theorem 1.1 is equivalent to the following result:

THEOREM 2.2: Takee >0, ¢ > n. Assume that for p € S, a family

o, ={ap0,...,0pq CPIL, V")
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is admissible. Then there exist points
b € P(IL,,,V*) (1<m; €Z,i=1,...,5 <)

such that the inequality
d 1
(7) > > log g < m(n+ 1+ e)h(x) + O(1)

holds for all € P(V)) — |, E™ [bi].

Originally, Theorem 2.2 was conjectured by the present authors (see [6] or [7])
based on their proof of Shiffman’s conjecture (cf. [10]) over non-Archimedean
fields. Based on the Corvaja—Zannier’s methods, M. Ru [9] proved the Shiff-
man’s conjecture in value distribution theory as follows:

THEOREM 2.3: Let f: C™ — P(V) be an algebraically non-degenerate mero-
morphic mapping. Fix a positive integer d. Let &/ = {a; }320 be a finite admis-
sible family of points a; € P(I4V{¥) with ¢ > n. Then there exists a constant
¢ > 0 such that Nevanlinna’s characteristic function Ty(r) and the proximity
functions mgua(r, a;) of f satisfy

(8) zq:mfud(r, a;) <d(n+1)T¢(r) + clog{(ﬁ)%klw} +0(1)

= T p—r
for any ro <r < p < R.

Based on Ye’s work [13], we can improve the error term in the main inequality
of Ru [9] into the form in (8) (cf. [8]). Finally, we suggest the following problem:

CONJECTURE 2.4: Take a positive real number € > 0 and integers ¢ > n > r >
1. Assume that for p € S, a family

Ay = {ap0s---yap4} C P, V)

is admissible. Then the set of points of P(V)) — |J E™[a,, ;] satisfying

a
1
(9) ZZlogT >m2n—r+1+¢)h(z)+ O(1)
pES j=0 HIL‘ ’aPJHP

is contained in a finite union of subvarieties of dimension < r — 1 of P(V).

In [6] (or see [7]), we proposed this problem for the case r = 1.
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3. Equivalence of Theorem 1.1 and Theorem 2.2

We will need some basic facts. Take a positive integer ¢ > n and an admissible
family &/ = {ao,a1,...,aq} of points a; € P(Il,,; V*).

o ={ap,a1,...,aq} (¢ >n).

Let |- | be a norm defined over a base e = (eg,...,e,) of V. Write & = &ep +
-+ &nen. By Hilbert’s Nullstellensatz (cf. [11]), for each k € {0,...,n}, the
identity

n

(10) & =Y bh(©arn(©) (A€l

=0

is satisfied for some natural number s with

§ 2 m = max mj,
0<j<q
where b“c € R[fo,...,&] are homogeneous polynomials of degree s — my(,)
whose coefficients are integral-valued polynomials at the coefficients of @y
(t=0,...,n). Write

(1) MO = D a6, ek
7€ Tns=my )
Here J, 4 is the set of all mappings o : Z[o,n| — Z[0,d] such that |o| =
o(0)+---+o(n)=d.
First of all, assume that the norm | - | is non-Archimedean. From (10) and
(11), we have

, GIIRT
12 s < _IAGOSIT g,
(12) €ul” < (a5 - fonco) mse. { e e
Note that

(13) max (6" = [E[", 1a5()] < [€[™ oy

By maximizing the inequalities (12) over k, 0 < k < n, and using (13), we
obtain

(14) 1< g}éXIbml |-

Define the gauge

(15) I'(#/) = min m {%}

/\qukld bgik|'|a/\(i)|
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with 0 < I'(«7) < 1. From (12), (13) and (15), we obtain

I'(«) < max {M}

T o<i<n U™ oy
that is,

< Iy 4y . q
(16) IN(«) < Oréliagxn | saxayl, A€

x e P(V).

If the norm | - | is Archimedean, now (10) and (11) imply

- |ax (6]
17 s < b)\' . 7 ma. oMy iﬂ
{17) 4] < (ZZ| il -l )|) OSiSXn{ISI* “”Iom)l}Igl

=0 o

where [£|, = maxy |{x|. W.l.o.g., we may assume
€] = (1&f® + - + [l

Since |¢] < v/n + 1/¢]., then (17) yields

(18) L< (n+ )™ 2maxy 0> |3l - |-

=0 o

Define the gauge

n -1
19) T =0+ )7 i min {55 Wl fasol |

gk
AeJE =%

with 0 < I'(«7) < 1. From (17) and (19), we obtain the inequality (16).
LEMMA 3.1: Forz € P(V), r € R, define

(20) o (x,r) = {j] [#"™,a;| <r, 0< 5 <qg}.

If0 < r <T(&), then #. (z,1) < n.

Proof: Assume that #./(z,7) > n+ 1. Then A € JZ exists such that
{A0),..- A(n)} € (@, 7).

Hence
|me*<i>,a/\(i)| <r<I(&), i=0,...,n,

which is impossible according to (16). |
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LEMMA 3.2: Take x € P(V) such that [z"™i a;| >0 for j =0,...,q. Then

q
1 1 qg—n
21 < ( ) max
( ) J:]:E |L]L‘Hmj,aj| — 1"( reJd { H |$Hm>\(7) axg) |}
{ H |$Hm>\(7) a’A(’L |}

Proof: Take r =T'(«/). Lemma 3.1 implies #.¢7 (x, r) < n. Thus o € J¢ exists
such that (z,7) C {5(0),...,0(n)}. Note that ImA — & (z,7) # 0 for any
A € J4. Then we have

yn—da
H | G
1 q—n 1
(L - -
- (F(sz)) ){Iéa]);’f { H |meW) ay i)| }

1 qg+l—mn
= (F(;z/)) ert { H |z, ax(z)|} '

n—1
LEMMA 3.3 (cf. [6]): Forxz € P(V), we can choose { € Oy,g such that x = P(§),
and the absolute height of x satisfies

(22) < (@)ﬁ1 ' Aax

n—1

o { o€l [T el b < eff(o) < cfma el 1#°,

pEeES
where c is a constant depending only on S but not on z.

Obviously, Theorem 2.2 yields immediately Theorem 1.1 by taking ¢ = n and
using Lemma 3.3. Conversely, Theorem 1.1 implies Theorem 2.2. In fact, by
Lemma 3.2 and Theorem 1.1, there exist points

b e P(IL,,,V*) (1<m; €Z,i=1,...,8<00)
such that the inequality

I ey, = I G) ™ o)

p peES

o Ty (HH )

peES

m(n+1)
a( Ilel)  amaxlel,)

peS
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holds for all points 2 = P(¢) € P(V) — |J, E™[b;], where ¢; is constant, and
a,; € 0,,V* — {0} with a, ; = P(c, ;). By Lemma 3.3, there exists a constant
c2 such that

q
1
I I | | |H — < CQI{(l‘)m(n+1)—‘,—a7
x m .

and hence Theorem 2.2 follows.

4. Proof of Theorem 2.2

We now proceed with the proof of Theorem 2.2 which will be based on the
methods of P. Corvaja and U. Zannier [1]. First of all, we recall several lem-
mas from [1]. We shall use the lexicographic ordering on the p-tuples
v=(v(1),...,v(p)) € Z%, namely, p > v if and only if for some [ € {1,...,p}
we have p(k) = v(k) for k <1 and pu(l) > v(l).

LEMMA 4.1: Let A be a commutative ring and let {g1,...,gp} be a regular
sequence in A. Suppose that for some y,x1,...,xn € A we have an equation
g y*Zg“’“ cghE Py,

where p, > v fork=1,...,h. Theny € I, = (¢1,- .., 9gp), the ideal generated
by g1, .., 9p-

LEMMA 4.2: Let f34,..., Bp be homogeneous polynomials in K[, ...,&,]. As-
sume that they define a subvariety of P(V) of dimension n—p. Then {Bl, . ,Bp}
is a regular sequence.

LEMMA 4.3: Let f31,..., 3, be homogeneous polynomials in Rl€o,.-.,&n]. As-

sume that they define a subvariety of P(V') of dimension 0. Then, for all large

N,
dim Viny /{(B1, - - Bn) N Viny } = deg(B1) - - - deg ().

Take p € S and take a positive integer d. Let ., = {a,;}7_, be a finite

admissible family of points a, ; € P(II;V*) with ¢ > n. Take o, ; € [I;V*—{0}

with (e, ;) = a,,j, and define

d/hj(&) = <€Hdaa/),j>7 EeV, 57=0,1,...,q.

W.lo.g., assume |a, ;| =1 for j =0,...,q. Lemma 3.2 implies

(23) H [

1 qg+1l—m H
< ( ) max
amllp () XTI s Hx”d ap i) llp
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for z € P(V) — U], E4a, j]. According to P. Corvaja and U. Zannier [1], we
will estimate the term in the right sides of (23) as follows.

Now pick A € J!_,. Since &7, is admissible, then Qp N(0)s -+ - > Ap A(n—1) define a
subvariety of P(V) of dimension 0. Take a multi-index v = (v(1),...,v(n)) € Z7;
with length

lv|=v(1)+---+v(n) < NJ/d.

For any v = (y(1),...,7v(n)) € Z';, abbreviate

v _ =D ~v(n)
Ton = Tpn0) T ain1)

and define the spaces
Vo =Y &) Vin-dnl

y2v

with Vo = V[N] and Vy,, C Vy, if p > v. Thus the V , define a filtration
of V|nj. Next we consider quotients between consecutive spaces in the filtration.

LEMMA 4.4: Suppose that V,, follows V ,, in the filtration:
(24) Viny2 - D VnN,yDVy, D D{0}.
Then there is an isomorphism

VN / VN Z Vin—au)/{(@p a0 -+ Gprm—1)) N ViN—dpp)]}-
By Lemma 4.3 and Lemma 4.4, there exists an integer Ny depending only on
&p,/\(O); ey ONZp,/\(n_l) such that

= dn, if dlv| < N — No;

(25) A, :=dimVy,/VN, { < dim Vjy,), otherwise.

Now we choose inductively a suitable basis of V] in the following way. We
start with the last nonzero Vy , in the filtration (24) and pick any basis of it.
Suppose p > v are consecutive n-tuples such that djv|,d|u| < N. It follows
directly from the definition that we may pick representatives ay Aﬁ €V, of
elements from the quotient space Vy ., /Vx ,, where 3 € Viy_gp,)- We extend
the previously constructed basis in Vy , by adding these representatives. In
particular, we have obtained a basis for V , and our inductive procedure may
go on unless Vy,, = V], in which case we stop. In this way, we obtain a basis
{151, e ,’(Z)[\/[} of Vin], where M = dim Vjp;.

For a fixed k € {1,..., M}, assume that 1/;k is constructed with respect to
Vnu/VN,. We may write U = 54;7/\5 with 3 € Vin—djy))- Then we have a
bound

106() 5 = 1857 I IBE, < l1a%AE) gl =,
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where ¢’ is a positive constant depending only on ¥y, not on £. Observe that
there are precisely A, such functions 12% in our basis. Hence, taking the product
over all functions in the basis, and then taking logarithms, we get

M n—1
log [T 19s(©)ll, <D >~ Avvi+ 1)log |G, xi)©)ll,
(26) k=1 v =0

+ (A = aw)) og el + ¢

where ¢ is a positive constant depending only on z/;k, not on £. Here v in the
summation ranges over the n-tuples in the filtration (24) with |v| < N/d.
Note that

. n+ N N .
(27) MdlmV[N]< N )—+O(N b,

T
T
N s = B = <”; ) T ezt
t=0

and that, since the sum below is independent of j, we have that, for any positive
integer T" and for every 0 < j < n,

Zy(j):n—i—l ZZ *n+1 2. T

(28) vEJn,T veJn, T j=0 AeJn,T
T n+T Tr+l

-t - Lo,

n+1 ( T ) (n+1)! +0I)

Then, for N divisible by d and for every 0 < ¢ < n — 1, (25) and (28) with
T = N/d yield

Nn+1
(29) ZA v(i+1) = 2—— + O(N"),

which implies

n—1 ' nNnt+1 .
(30) zV:AVdM :dng:Auu(z—H) = i) + O(N™).

Note that
n+1

ZA =¥

+O(N"™).
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Therefore, by (26), (27), (29) and (30), we have

log H I3l <o (1+0(5) ) os H eI

NnJrl

(31) s o0 +0(5)) tos el + e

n—1

<t 106 TT 8,00 €)1, + doglel, } +¢
i=0

where K = K(d,n,N) is a positive constant such that

(32) K%(IJrO(%)).

Let ¢, ..., o be a fixed basis of Viny such that, when £ € V' — {0},

E=(41(),...,om(£) € CM — {0}

Then vy, can be expressed as a linear form Ly in ¢1,. .., dar so that ¥y € =
Li(E). The linear forms Lq,..., Ly are linearly independent. By (31), we
obtain

n—1

tog T ] 1ZuE), < K{log TT I, +dlog||5||p} e

k=1 i=0

F o (O
= {10 H ’JHﬂ)‘d LA 4 (n+ )dlog ||€]|, ¢ + ¢
1=0

which implies
f= HEHd o .
no G @, = gH L E i, Heyp + (et Ddlogliell,,
or, equivalently,
T ||s||d e
oy Aellmmr) e
H o aci) (Ol H Lk (3, p

Fix € > 0. By Schmidt’s Subspace Theorem for linear forms (see [12]), for all
A€ J!_ |, theset Qof all E € Oviy,,s satisfying

II H 1L, < {max||=]l,}

peS k=1
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is contained in a finite union of hyperplanes of V). Note that @ is just a finite
union of hypersurfaces of degree NV in V, say,

= JEVW), b € PAINV),
i=1
and that there is a positive constant é such that ||Z]|, < 5”5”,11\[ for p € S. Then
n—1 ||€||d N K (n+1)d
ITIT ot = el (T 0el)

pES 10 Hap,/\(i)(f)”p pES

where

¢¢ |JUEN 0@

peS j=0
If we choose N large enough such that N/K < 1, then Lemma 3.3 implies that
there is a constant ¢ depending only on .S but not on £ such that

n—1 d
€]l 1te)d
(35) e < cH(§)
U &5
Therefore, Theorem 2.2 follows from (23) and (35).

Remark on (35): If we take A € Jg, Lemma 3.1 means that there exists an
index ig € {0,1,...,n} such that

quda ap,/\(iU)Hp > F("Q{P)ﬂ T = ]P(f)

W.lo.g., we may assume ig = n. Thus from (34), according to the arguments
of (35) we can obtain

(36) II H

< c(max [[€]],)°
peS i=0 [l l’v/\(l) ”p pES P
Thus the above methods will yield a proof of Theorem 1.1 as well.
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